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SUMMARY

Artificial recurrent networks are widely used to model the complex dynamics of biological neural circuits per

forming cognitive tasks. Yet, most studies assume homogeneous units, ignoring functionally important neu

ral heterogeneities. We present a systematic framework to quantify the impact of heterogeneities on recur

rent networks performing a cognitive task. We trained a population of networks, differing in hyperparameters, 

with six graded levels of intrinsic heterogeneities. Our analyses unveiled a surprising diversity in the impact of 

intrinsic heterogeneities on training, task-execution dynamics, and robustness, despite identical training 

conditions. First, the dependence of training performance on heterogeneity levels showed pronounced 

network-to-network variability. Second, task-execution dynamics exhibited marked variability in their depen

dence on heterogeneities. Finally, post-training perturbations strongly affected robustness, manifesting sub

stantial network-specific variability. This striking diversity in the impact of heterogeneities underscores the 

need to consider global structure, interactions, and adaptations across multiple heterogeneities to under

stand collective function in complex neural circuits.

INTRODUCTION

Artificial recurrent networks are widely used as models to study 

the complex dynamics underlying biological neural networks dur

ing execution of cognitive tasks.1–7 However, most studies as

sume individual units in the recurrent network to be homogeneous 

repeating units, an assumption that is fundamentally in conflict 

with biological neural networks where individual neurons manifest 

several forms of heterogeneities.8–19 There are several lines of ev

idence that these heterogeneities are not just chance occurrences 

THE BIGGER PICTURE Neurons in the brain have different intrinsic properties, connectivity, and responses 

to experience. Yet most neural network models used to study cognition are built from repeating, identical 

units. This study looks at whether differences between neurons are beneficial or detrimental to the brain’s 

ability to learn and process information. This is done by systematically introducing different degrees of 

unit variation into several recurrent neural networks trained to perform a cognitive task. The same type of vari

ation improved learning in one network but reduced performance in another. The outcome also depended on 

the network’s properties and on the way performance was measured. The variation observed indicates that a 

network can solve a task in different ways and helps explain why a system can continue to function even 

when its individual parts differ or are disturbed. It also means that conclusions drawn from a single network 

may not apply more broadly. The findings in this study suggest that differences between neurons should not 

be studied as isolated features or reduced to a simple comparison between ‘‘different’’ and ‘‘identical’’ net

works. Instead, they should be considered as part of a larger system in which several forms of variations 

interact. Learning allows a network to settle on one of many possible combinations of components that 

can achieve the same goal. To understand how brains and brain-inspired machines learn and perform tasks, 

researchers need to carefully study how different components work together, adapt through learning, and 

produce reliable behavior as a group. 

Patterns 7, 101685, November 13, 2026 © 2026 The Author(s). Published by Elsevier Inc. 1 
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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but have diverse functional impact on different aspects of neural 

and network function.19 A diversity of such impact has been re

ported, in providing alternate routes to implement specific func

tional outcomes,20–28 efficient coding,29–36 spatial navigation,37–40 

decorrelation23,41,42 and pattern separation,43 disruption of func

tion in certain types of networks,44,45 introducing plasticity hetero

geneity toward efficient resource allocation,46–51 modulating syn

chrony in networks,44,52–56 promoting stability of learning in 

spiking neural networks,57 and mediating robustness to perturba

tions.25,58–65 Despite the several lines of evidence on the diverse 

roles of heterogeneities on brain function, the impact of neural het

erogeneities on recurrent networks trained to perform a cognitive 

task has not been systematically explored.

In this study, we develop and employ a framework to system

atically study the impact of neural heterogeneities on circuit 

function. Our unified framework specifically identifies several 

lacunae in existing methodologies to study the impact of hetero

geneities on neural learning systems and presents a systematic 

process to address each of these lacunae.

1. Observation: learning in biological systems occurs in the 

presence of heterogeneities.

Lacuna: in many approaches, heterogeneities are not intro

duced during the training process, but instead are studied 

in hand-tuned networks.

Our framework: neural heterogeneities must be introduced 

into artificial networks during training, when the network 

learns the specific task structure to achieve effective per

formance.57

2. Observation: biological heterogeneities manifest in 

different forms at different degrees.8–19,66

Lacuna: in many approaches, the expression of heterogene

ities is treated to be binary, assessing heterogeneous vs. ho

mogeneous networks. They do not explicitly account for 

graded levels of different forms of heterogeneities.

Our framework: different forms of heterogeneities must be 

introduced into the network at multiple levels during the 

training process, specifically designed to assess the graded 

impact of different heterogeneities on task performance.

3. Observation: biological networks manifest network-to- 

network variability.20,25,67–72

Lacuna: many approaches use a single hand-tuned network 

with specific hyperparameters to study the impact of hetero

geneities. This approach biases outcomes to the manual 

choice of hyperparameters made for that network, both in 

terms of network performance and its dependence on hetero

geneities.

Our framework: a population of networks with very different 

hyperparameters22,25,43,73 must be assessed across all levels 

of heterogeneities.

4. Observation: biological networks and their several com

ponents are in a continuous state of flux owing to external 

perturbations, neuromodulation, homeostatic computa

tions, or the need to learn additional tasks.25,58,63,67,74

Lacuna: the impact of post-training perturbations on network 

performance is rarely tested in the context of studying the 

impact of neural-circuit heterogeneities. Even if done, the an

alyses do not account for different levels of disparate pertur

bations.

Our framework: robustness of network performance to 

different forms and several levels of post-training perturba

tions must be assessed across all networks.

5. Observation: biological systems typically manifest trade- 

offs between multiple competing functional objectives, 

characterized as Pareto optimality.75–77

Lacuna: many approaches assess the impact of heterogene

ities focusing on a single functional outcome.

Our framework: several quantitative metrics must be used 

for evaluating different aspects of network performance: 

training performance, task-execution dynamics, and robust

ness to post-training perturbations. The impact of heteroge

neities on all these quantitative metrics must be collectively 

studied across different levels of heterogeneities and several 

graded post-training perturbations.

In implementing this broad framework, we explored the impact 

of intrinsic heterogeneities in artificial recurrent networks trained 

to perform a cognitive task. In explicitly adhering to the frame

work above, our experimental design incorporated the following 

(presented in the same sequence as above):

1. We trained recurrent networks using a modified reward- 

modulated Hebbian learning mechanism78 to perform a 

cognitive task in the presence of intrinsic heterogeneities 

in unit time constants. We focus on the only intrinsic 

component in the units in our network, the unit time con

stant. Therefore, synaptic heterogeneities emerged 

through the training process in networks endowed with 

intrinsic heterogeneities.

2. All networks were trained with 5 different gradations of 

intrinsic heterogeneities (H1–H5) and were compared to 

their homogeneous counterparts (H0) trained in the 

absence of intrinsic heterogeneities.

3. A population of 53 artificial recurrent networks endowed 

with distinct hyperparameters was trained for all 6 grada

tions of intrinsic heterogeneities, yielding a total of 318 net

works. Additionally, in understanding the impact of individ

ual hyperparameters, networks with distinct combinations 

of 3 instances of 5 different hyperparameters were trained 

across 6 different intrinsic heterogeneities, providing an 

additional 1,458 networks.

4. The impact of 7 post-training perturbations (mean of unit 

time constants, range of unit time constants, mean of 

initial activity, range of initial activity, recurrent synaptic 

weight jitter, stimulus epoch duration, and frequency of 

exploratory activity impulses) on network performance 

was tested. The robustness to each of the 7 forms of per

turbations was tested at 6 different grades (P0–P5) across 

all 318 networks.

5. Multiple metrics were used to assess the impact of neural 

heterogeneities on different aspects of network perfor

mance. We assessed training performance using the num

ber of training trials required for convergence and the error 

dynamics through the training process. Network perfor

mance was assessed using errors incurred in performing 

the task across multiple trials of different input patterns. 

Task-execution dynamics was assessed using distances 

of network trajectories in the latent space. Robustness 
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to 7 different forms of graded post-training perturbations 

in each of the trained networks was assessed using task 

performance errors and latent-space distances.

Our analyses unveiled pronounced network-to-network vari

ability in the impact of heterogeneities on training, task perfor

mance, network dynamics during task execution, and robust

ness to post-training perturbations. Based on our analyses, we 

propose a complex systems viewpoint to study the impact of 

neural heterogeneities on circuit function, where the focus is 

not on heterogeneities in individual components. Instead, we 

emphasize the need to focus on the global structure of different 

forms and degrees of heterogeneities across different compo

nents and how they interact and adapt toward achieving collec

tive function. Our results emphasize that disparate non-random 

combinations of components, hyperparameters, and forms/de

grees of heterogeneities could yield similar circuit function, 

together highlighting functional degeneracy as a design principle 

that defines network function. As each network picks one of 

several such possible solutions toward learning-specific tasks, 

different networks manifest substantial network-to-network vari

ability in their performance measures and in their robustness to 

different forms and degrees of perturbations.

RESULTS

The principal goal of this study was to test the impact of neural 

heterogeneities on a recurrent network trained to perform a cogni

tive task. We used a fully connected, continuous-time recurrent 

network with 200 units (Figure 1). The recurrent network was 

trained using a modified reward-modulated Hebbian learning al

gorithm78 to perform a simple memoryless cognitive task Go,1

where the network output is expected to reflect the input value as

signed to either of the two stimuli (Figure 1). Our experimental 

design toward assessing the impact of heterogeneities on recur

rent networks performing this cognitive task involved important 

methodological constraints. First, we did not binarize heteroge

neous vs. homogeneous networks. Instead, we introduced het

erogeneities in a graded fashion in six different ranges in unit 

time constants (Figure 1). Such gradation accounts for variability 

in the extent of biological heterogeneities observed under different 

Figure 1. A population of recurrent networks with distinct hyperparameters trained and tested with different levels of heterogeneities to 

perform a cognitive task 

A rate-based fully connected recurrent network of 200 units was initialized with 53 different parametric configurations, each trained and tested with six levels (H0– 

H5; H0 refers to the homogeneous network) of intrinsic heterogeneities. The total number of networks assessed is 53 × 6 = 318. Progressively higher levels of 

intrinsic heterogeneities (H1–H5) were achieved by increasing the range of randomly initialized time constants of the units in the network. The network under 

consideration receives three types of inputs: a fixation input that turns off when the network is expected to provide its output, two inputs corresponding to the 

stimuli for the task being performed, and 6 distinct inputs that indicate the specific task the network is expected to perform. All networks in this study were trained 

and tested for the memoryless Go task, which is indicated on the ‘‘Inputs’’ tab. Each trial of the Go task consists of three epochs with variable duration (fixation 

epoch, fixed at 200 ms; stimulus epoch, switching between 200 and 800 ms; and response epoch, alternating between 400 and 800 ms). The fixation input stays 

on through the fixation and the stimulus epochs, while the stimulus input stays on through the stimulus and the response epochs. A single unit was designated as 

the output unit of the network whose response was considered as the network’s output. The network was trained using a modified reward-modulated Hebbian 

learning rule. For the Go task, the expected output is to reflect the active input value (either +1 or − 1) assigned to either of the two stimuli (which are never 

simultaneously active). One of the two stimuli is always inactive and is set to 0.
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conditions. More importantly, this experimental design involving 

different levels of heterogeneities (H0–H5) allowed us to assess 

progressive changes in network performance and dynamics 

with increasing levels of intrinsic heterogeneities.

Second, to avoid biases introduced by the use of a single 

network for all analyses, we used a population-of-networks 

approach throughout our analyses to quantify potential network- 

to-network variability in training performance and response dy

namics. Specifically, we employed 53 instantiations of networks, 

which were different in terms of all hyperparameters that defined 

the initialization and training of these networks. Together, this 

yielded 318 different networks (53 parameter initializations, each 

with 6 levels of heterogeneity) that were trained individually to 

perform the cognitive task. The impact of intrinsic heterogeneities 

on training performance and task-execution dynamics was tested 

for all 53 networks, spanning all 6 levels of heterogeneities.

Third and finally, biological networks are sequentially learning 

new representations and undergo changes due to random per

turbations. The changes introduced post-learning could alter 

the intrinsic properties of the neurons, the synaptic connections, 

the network activity, or the level of noise in the system, in varying 

degrees. To account for these post-learning changes, we intro

duce several forms of perturbations to our trained network. 

Our experimental design involved six graded levels, each of 

several forms of post-training perturbations (referred to as P0– 

P5, to distinguish from H0–H5 introduced during training). For 

each form of post-training perturbation, we studied the impact 

of the 6 levels of post-training perturbations on all 318 networks. 

The experimental design and the associated analyses allowed us 

to quantitatively assess (1) the extent to which networks were 

robust to each kind of post-training perturbations, (2) network- 

to-network variability in how networks react to different forms 

of post-training perturbations, (3) the impact of pre-training het

erogeneities (H0–H5) on how robust the network was to each 

form of post-training perturbations (P0–P5), and (4) network-to- 

network variability in the impact of pre-training heterogeneities 

on network robustness to post-training perturbations.

In implementing this broad experimental design, we first 

trained each of the 318 networks to perform the Go task till 

each network reached the convergence criterion, whereby the 

absolute error must be below 0.05 for 100 consecutive training 

trials (more details on the task, the heterogeneities, and the 

training and testing process are provided in the methods sec

tion). The number of trials required for convergence and the er

rors across testing trials were noted for each network.

Pronounced network-to-network variability in the 

impact of heterogeneities on training performance

All 318 networks successfully reached the set convergence crite

rion toward executing the Go task. However, the training trajec

tories manifested pronounced variability across different net

works and across heterogeneity levels (Figures 2A–2C). First, 

even in the absence of intrinsic heterogeneities (H0 group), there 

were large differences in the number of trials required for conver

gence. Whereas some networks converged with as low as 4,000 

trials, others required close to 17,000 trials for achieving conver

gence (Figure 2C). Second, the impact of progressively increasing 

the level of heterogeneities (from H0 to H5) increased the number 

of required training trials in some networks (e.g., N33), decreased 

in others (e.g., N26), while had no such structure (e.g., N39) in a 

third set of networks (Figures 2A and 2B). Similarly, the error 

values observed in test trials showed pronounced trial-to-trial vari

ability for any given level of heterogeneity (Figure 2D), pronounced 

network-to-network variability in the error values, as well as de

pendency on heterogeneities (Figures 2D and 2E). Specifically, 

for some networks, the median error increased with the level of 

heterogeneity (e.g., N19), for others the median error decreased 

(e.g., N16), while a third class of networks did not exhibit any 

monotonic trend (e.g., N18) (Figure 2D).

For one of the networks (N1), we also tested the impact of 

intrinsic heterogeneities on networks that were trained with 

different parameters associated with the network and the 

training process (Figure S1). The network was trained in the pres

ence of 6 levels of heterogeneities, with a lower learning rate (η = 

0.05), lower connection density (connection density = 50%), or a 

more stringent convergence criterion (error below 0.05 for 400 

consecutive training trials). With increasing level of heterogene

ities, the number of training trials showed an increasing trend 

in networks trained with a reduced learning rate as well as in 

the network with a reduced connection density, but the trend 

reversed in the network that was trained with a stringent conver

gence criterion (Figure S1A). Similarly, we observed variable de

pendencies of test trial errors on the level of heterogeneities, de

pending on which parameter was changed in the network 

(Figure S1B). These results demonstrated that the variability in 

dependence of training performance on the level of heterogene

ities extended to other training hyperparameters as well.

Together, these results demonstrated pronounced variability 

across networks in terms of the number of training trials required 

for learning (Figures 2A–2C), the error values associated with 

specific trials (Figures 2D and 2E), connectivity/training 

Figure 2. Pronounced network-to-network variability in training performance of heterogeneous recurrent networks trained to perform a 

cognitive task 

(A) The evolution of absolute error during training for three different initializations (rows) and different levels of intrinsic heterogeneity (columns). The x axis ranges 

from 0 to NT, the total number of trials required for the specific network to converge. It may be noted that the number of training trials required for convergence 

increased (N33), decreased (N26), or varied randomly (N39) with increasing levels of heterogeneity. 

(B) Number of trials taken to train the three example networks shown in (A) plotted as a function of the level of training heterogeneity, depicting network-to- 

network variability in the impact of heterogeneities on training. The black line depicts the median number of trials across all 53 networks. 

(C) Pronounced network-to-network variability in the number of trials required for convergence in all 53 networks, each trained across the 6 heterogeneity levels 

(H0–H5). 

(D) Distribution of errors in the 16 different testing trials (of the Go task, with different stimuli as well as different durations for the stimulus and the response epochs) 

plotted across H0–H5 for three example trained networks (dotted lines represent the 0.05 level used as a convergence requirement). Network N19 showed an 

increase in error with increasing heterogeneity, network N16 manifested a reduction, while network N18 did not show any monotonic pattern. Black dashes 

indicate median errors for each heterogeneity level. 

(E) Distribution of errors in all trials for all 318 trained networks. The black dashes represent the median error for each level of heterogeneity.
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Figure 3. Pronounced network-to-network variability in latent dynamics of heterogeneous recurrent networks trained to perform a cogni

tive task 

(A) Left: a step-by-step representation of the process of aligning latent-space dynamics of multiple networks. The dynamics of all 200 units in the network are 

represented by a trajectory in the respective reduced dimensional spaces computed for each network using principal component analysis (PCA). Center: using 

(legend continued on next page) 
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hyperparameters (Figure S1), and the dependency of trial 

numbers (Figures 2A–2C) and error values (Figures 2D and 2E) 

on the level of intrinsic heterogeneities introduced during 

training.

Dynamics of heterogeneous networks during task 

performance varied across network initializations

We performed principal component analysis (PCA) on the activity 

dynamics of all recurrent units to visualize and assess the task- 

associated dynamics of the trained recurrent networks. We 

repeated this for all 53 networks for each of the 6 different levels 

of heterogeneities. As the dimensionality of the activity dynamics 

(Equation 10) was around 3 for this task across all networks, we 

used a 3-dimensional representation for visualizing the dynamics 

of these networks (Figure 3A). In this visualization, the initial time 

point (t = 0) is represented by a black dot. The trajectory in the 

reduced dimensional space followed an identical route until the 

stimulus arrived (Figure 3A). Upon stimulus arrival at the beginning 

of the stimulus epoch, the trajectory diverged based on the spe

cific input stimuli and eventually converged to one of the four sta

ble points, each defining a specific input pattern (ustim∈{(− 1,0), 

(1,0), (0,− 1), (0,1)}). We found the latent-space dynamics to be 

distinct across different levels of heterogeneity for the same 

network (Figure S2) as well as across different networks for the 

same level of heterogeneity (Figure S3). To compare trajectories 

across different networks and across different levels of heteroge

neities, we first aligned the latent spaces of the different networks 

using canonical correlation analysis (CCA) in a pairwise manner 

using a reference network N1H0 (Figure 3A). Finally, the aligned 

trajectories were transformed along the principal components of 

N1H0, thus representing all the network trajectories in the same 

latent space (Figure 3A).

When the same network with different levels of heterogeneities 

was compared, we found variability in task-related trajectories 

as well as the specific location of the input-specific fixed points 

in the aligned latent space (Figure 3B). While some networks man

ifested pronounced variability in the dynamics across different 

levels of heterogeneities (e.g., N35 and N10), there were networks 

(e.g., N53) where the trajectories were less diverse across different 

levels of heterogeneities (Figure 3B). We computed the Euclidean 

distance between the latent-space trajectories of the heteroge

neous H1–H5 networks and that of the homogeneous H0 network 

for each of the 53 network initializations. We plotted these dis

tances as functions of time for different networks with different 

levels of heterogeneities (Figure 3C). These distance computations 

quantitatively confirmed the visual observation that the variability 

in trajectories was higher in N35 and N10, while the distances be

tween trajectories were comparatively lower for N53 (Figure 3C).

Importantly, in certain networks, the distances from the H0 tra

jectories increased with increasing level of heterogeneities (e.g., 

N35), while in others the sequence reversed (e.g., N10). In addi

tion, the deviation in the fixed points (the final distance value at 

the end of the trial) depended on the level of heterogeneities 

and the type of input presented (e.g., N35 and N53). Together, 

these trajectories provided examples for the pronounced 

network-to-network variability observed in the impact of training 

heterogeneities on network dynamics during task execution 

(Figure 3C). These examples unveiling network-to-network vari

ability in trajectories and their dependence on the levels of het

erogeneities further emphasize the need for using multiple net

works and multiple levels of heterogeneities in assessing the 

impact of heterogeneities on neural circuits.

We assessed the distances of all heterogeneous networks 

(H1–H5) with their homogeneous counterpart (H0) for each of 

the different durations of the stimulus and response epochs 

across different input configurations (Figure 4). Across different 

durations, we found network-to-network variability in latent- 

space trajectories to initially increase and then decrease during 

the fixation epoch. We observed maximum variability in trajec

tories during the period that followed stimulus presentation 

(Figure 4). Eventually, depending on how long the stimulus epoch 

was, variability in trajectories across heterogeneities reduced 

either during the response epoch (Figures 4A and 4B) or during 

the stimulus epoch (Figures 4C and 4D). Across durations, the 

variability was highest during a ∼300–400 ms duration, after 

which the trajectories converged to their respective fixed points 

with relatively minimal variability. Importantly, despite the pro

nounced network-to-network variability in how the distance 

values depended on the level of training heterogeneity 

(Figures 3C and 4E), we found monotonic increases in the me

dian values of the maximum distance, of the average distance, 

and of the variance of distances computed across the 53 net

works analyzed here (Figure 4E).

Together, these observations demonstrated that training het

erogeneities in intrinsic properties impacted network dynamics 

in diverse ways even if they were trained with the same training 

algorithms, convergence criteria, and task specifications. The 

impact of training heterogeneities on network dynamics during 

task execution manifested pronounced variability in training per

formance (Figure 2) as well as in task-execution dynamics 

(Figures 3 and 4) across networks initialized with distinct sets 

of hyperparameters.

Interdependencies of network hyperparameters on 

heterogeneous network training performance and 

dynamics

The 53 instantiations of networks analyzed thus far were gener

ated by independently sampling all of the five major hyperpara

meters (seed values defining the initial recurrent weights J, the 

initial input weights B, the initial activity patterns x0, the 

canonical correlation analysis (CCA), the latent-space dynamics of each network and that of a reference network were transformed to a new coordinate space by 

maximizing the correlation between the trajectories in the new space in a pairwise manner. Right: the aligned trajectories in each CCA space were then projected 

back along the latent PCA space of the reference network bringing all the networks to a common reduced dimensional space, which enabled distance com

parisons. 

(B) The aligned latent-space dynamics of three example networks, each shown for all 6 different levels of heterogeneity. 

(C) Distance between trajectories, plotted as a function of time, of heterogeneous networks (H1–H5) with respect to the homogeneous network (H0) trajectory in 

the latent space. 

F, fixation epoch; S, stimulus epoch; R, response epoch.
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exploratory activity impulses Δ, and time constant values τ). 

Thus, no two networks shared any of the five major hyperpara

meters. The absence of common hyperparameters implies that 

the impact of individual hyperparameters on network perfor

mance cannot be assessed from these networks. In addition, 

the interdependencies of the effects of individual hyperpara

meters across each other and on the training level of heterogene

ities remains unknown. To understand cross-dependencies 

across different levels of training heterogeneities and individual 

network hyperparameters, we picked three independent seed 

values for each of the five major hyperparameters (Table S1). 

We initialized networks with all 35 = 243 possible combinations 

of these seed values and trained each of these networks with 

six levels of heterogeneity. Together, this resulted in a set of 

35 × 6 = 1,458 networks spanning all hyperparameters and het

erogeneity levels (Figure 5). Notations-wise, the J3-B2-x03-Δ1- 

τ3-H2 represented the network where J, B, x(0), Δ, and τ were 

initialized with seed values J3, B2, x03, Δ1, and τ3 (Table S1), 

respectively, and trained with H2 level of heterogeneity.

Among the 1,458 networks, the number of training trials 

(required for convergence) showed pronounced network-to- 

network variability, spanning values as low as 4,086 to as high 

as 58,531 (Figure 5A). Among the different hyperparameters, 

we found strong dependencies of the median number of trials 

on the hyperparameters governing recurrent and input weights, 

with relatively minor dependencies on the other hyperpara

meters. Specific hyperparameter values triggered larger vari

ability in the distribution of required training trials. For instance, 

some (but not all) networks initialized with J3, x02, and B2 

required longer training periods than the others (Figures 5A, 

5D, and 5E), maximizing network-to-network variability and 

emphasizing cross-dependencies across different hyperpara

meters and heterogeneities. As with the 53 distinct networks 

tested earlier (Figures 2B and 2C), the median value of the 

Figure 4. Network-to-network variability in latent dynamics of heterogeneous recurrent networks trained to perform a cognitive task across 

different epochs 

(A–D) Heatmaps of the distribution of Euclidean distances between all pairs of aligned latent-space trajectories for all 318 networks. The fixation epoch remained 

constant at 200 ms for all panels. The stimulus epoch was 200 ms (A and B) or 800 ms (C and D). The response epoch was either 400 ms (A and C) or 800 ms (B and 

D). The variability in trajectories across networks especially during the stimulus period might be noted. F, fixation epoch; S, stimulus epoch; R, response epoch. 

(E) Distribution of maximum (left), average (middle), and variance (right) of latent-space distances with respect to the corresponding H0 network trajectory, 

calculated across all the 16 trials and plotted against the level of heterogeneity. Gray lines connect the distance values for the same network across different 

heterogeneity levels. Black bars represent the median values.
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Figure 5. Variability in the impact of different network hyperparameters on the number of training trials 

(A) Variability in the number of trials required for convergence plotted across each value of the five hyperparameters and heterogeneity levels. The black lines 

depict the median number of trials across all the networks with the corresponding value of hyperparameter (N = 486 for each of the five hyperparameters and 243 

for each heterogeneity level). 

(legend continued on next page) 
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number of training trials remained similar across all values of het

erogeneities despite pronounced network-to-network heteroge

neities across the different networks (Figure 5A; H0–H5 plots).

We computed the average value of training trials across levels 

of heterogeneity for each of the hyperparameter values to assess 

the dependence on individual hyperparameters (Figures 5B and 

5C). We plotted these average values for all networks that were 

built with that specific hyperparameter value (Figure 5C). The 

average number of training trials across heterogeneity levels 

were distributed differently for different values of hyperpara

meters, with larger ranges for networks initialized with J3 or B2 

(Figure 5C). In addition, to quantify the dependence on the level 

of heterogeneities, we performed a linear fit on the number of 

training trials plotted as a function of heterogeneity levels. We 

used the slope value to determine the dependence of training 

performance on heterogeneity levels for individual networks 

(Figure 5B). We plotted these slope values for all networks that 

were built with that specific hyperparameter value (Figure 5C). 

Slope values spanned both negative and positive values, indi

cating that the number of training trials were increasing with het

erogeneity levels for some networks, while decreasing for others 

(Figure 5C). The distribution of slopes also spanned a large range 

of approximately − 10,000 to 10,000 trials per heterogeneity level 

for J3 and B2 networks, although the median across the popula

tion was 127 trials per heterogeneity level (Figure 5C). Strong de

pendencies of cross-heterogeneity average and slope values on 

hyperparameters governing recurrent and input weights were 

noted from these plots as well (Figure 5C).

To visualize the interdependencies of the effects of individual 

hyperparameters and cross-dependencies with heterogeneities, 

we plotted the slope and average of the number of training trials 

across heterogeneity levels (from Figures 5B and 5C) for all the 

five hyperparameter dimensions (Figures 5D and 5E). These vi

sualizations emphasized our earlier observations on higher num

ber of training trials being required for networks initialized with J3 

or B2 (Figure 5D). Consistent with this, the slopes were also 

steeper for the same combination of seed values but spanned 

both negative and positive values (Figure 5E). The strong depen

dencies of the number of training trials on the seed values gov

erning the two sets of weight values (recurrent and input) were 

discernable with this visualization. Importantly, we note that no 

hyperparameter individually governed the number of training tri

als, emphasizing the strong interdependencies and specific 

combinations required for either higher or lower values of the 

average or the slope (Figures 5D and 5E). For instance, even 

for the strong J3-B2 combination, the J3-B2-x02-Δ2-τ1 combi

nation yields high average value and highly positive slope value, 

the J3-B2-x02-Δ3-τ1 combination yields high average value and 

highly negative slope value, and the J3-B2- x02-Δ1-τ1 combina

tion yields low average value and ∼0 slope value (these are the 

three example plots provided in Figure 5B as Δ1, Δ2, and Δ3 

with the rest of the hyperparameters identical; Figures 5D 

and 5E).

We repeated similar analyses for task performance error 

values for all 1,458 networks, with trials spanning all input values 

and epoch durations (Figure S4). Hyperparameters governing 

recurrent and synaptic weights had strong impacts on the me

dian error values (Figure S4A), the average error values 

computed across heterogeneities (Figure S4C), and the slope 

defining the dependence on heterogeneity levels (Figure S4C). 

There was substantial network-to-network variability in average 

error values (Figure S4D) as well as in the slope values 

(Figure S4E), which spanned both negative and positive values. 

Average error was higher for certain combinations such as J1- 

B2, J2-B2, and J2-B3 networks (Figure S4D) whereas the slopes 

were the steepest for J3-B2 set of networks (Figure S4E). These 

observations on pronounced network-to-network variability in 

the dependence of performance errors on heterogeneity levels 

were consistent with our earlier observations on the 53 distinct 

networks tested earlier (Figures 2D–2E).

To compute dependencies of network dynamics and activity 

trajectories on each hyperparameter, we individually computed 

PCA on the activity patterns of each of the 1,458 networks. We 

then transformed these to a common latent space using N1H0 

(which is J1-B1-x01-Δ1-τ1-H0 with the hyperparameter-based 

notation) as the reference network (as in Figure 3A). We then 

computed the Euclidean distances between the latent-space dy

namics for each network with respect to its homogeneous coun

terpart (as in Figures 3 and 4). We plotted trial-averaged distance 

values for networks with the same specific hyperparameters 

(Figure 6A). The distribution of average distance in time for all 

the networks spanned 0 to 4 units with a median close to 0.5 

units across different hyperparameters (Figure 6A). Consistent 

with the number of training trials (Figure 5A) and trial-averaged 

performance errors (Figure S4A), there was a strong depen

dence of median distance values on hyperparameters governing 

recurrent and input synaptic weights, with other hyperpara

meters influencing the median to a lesser extent (Figure 6A). 

Consistent with our prior observations with the 53 distinct net

works (Figure 4E), the median value of the distance values pro

gressively increased through H1-H5 (Figure 6A).

To evaluate the dependence of network dynamics on training 

heterogeneities, we computed the cross-heterogeneity average 

and slope values across all heterogeneous networks and plotted 

those as well for networks with the specific hyperparameter 

values (Figures 6B–6E). Homogeneous networks were not 

included for the estimation of average or slope values since dis

tances were calculated with respect to the corresponding H0 

(B) Number of trials taken to train an example network J3-B2-x02-τ1 with Δ1 (gray), Δ2 (purple), and Δ3 (green). The actual number of trials (dots) and the best 

linear fits (lines) are plotted along the heterogeneity axis (H0–H5). The dashes represent the average number of training trials across heterogeneity levels. 

(C) Distribution of the average number of training trials across heterogeneity level (top) and the slope of training trials as a function of the heterogeneity level 

(bottom). The distribution is plotted for all networks together (All) and for different values of the five hyperparameters (J1–τ3). The black line depicts the median 

value of average (top) and the slope (bottom) along the heterogeneity axis for each network. 

(D and E) Average (D) and slope (E) of the number of training trials across heterogeneity levels plotted as a heatmap for all combinations of the hyperparameter 

values. The three plots contain all the 81 networks with the initial input synaptic weights initialized as B1 (left), B2 (middle), and B3 (right). In each matrix, the x axis 

depicts the three different values of recurrent weights (J1–J3) as the major subdivisions and the three values of the initial activity values (x01–x03) as the minor 

subdivisions. Similarly, the y axis depicts the three different sets of time constant values (τ1–τ3) as the major subdivisions and the three sets of impulse patterns 

(Δ1–Δ3) introduced during training as the minor subdivisions.
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Figure 6. Variability in the impact of different network hyperparameters on network dynamics 

(A) Variability in the mean distance calculated with respect to H0 network trajectory across each value of the five hyperparameters and heterogeneity levels. The 

black lines depict the median of mean distance across all the networks with the corresponding value of hyperparameter (N = 486 for each of the five hyper

parameters and 243 for each heterogeneity level). 

(legend continued on next page) 
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network, trivially yielding zero values for H0 networks in all cases. 

We observed a strong dependence of average distance values 

(computed across heterogeneity levels for every single network) 

on hyperparameters governing recurrent and input synaptic 

weights (Figures 6C–6D). Importantly, although the median slope 

values were positive across all hyperparameter values 

(Figure 6E), indicating that network dynamics progressively 

diverged from the H0 network with increasing level of heteroge

neities, there was pronounced network-to-network variability in 

this dependence (Figures 6C and 6E). Specifically, there were 

networks and hyperparameter combinations that showed weak 

negative slopes, indicating a reduction in distance with 

increasing level of training heterogeneity (Figures 6C and 6E). 

These plots also emphasized the importance of combinations 

of hyperparameters rather than dominance of one over the other. 

For instance, the J3-B2-x02-Δ3 combination (irrespective of the 

hyperparameter governing τ) yields high average value and 

weakly negative slope value, the J1-B3 combination yields vari

able average value and highly positive slope value, and the J3- 

B3-x03-Δ2-τ3 combination yields high average value and 

∼0 slope value (Figures 6D–6E).

An extremely important observation that emerges from 

comparing the three metrics we used on training (Figure 5), per

formance errors (Figure S4) and latent-space distances of 

network trajectories (Figure 6) is that different hyperparameter 

combinations strongly affect each of these metrics. For 

instance, the J3-B2 combination was dominant in inducing 

variability in the average and slope values of training trials 

(Figures 5D–5E), the B2-J1 and B2-J2 combinations were 

dominant for average performance error (Figure S4D), the B2- 

J3 combination was dominant for the slope of performance er

ror (Figure S4E), and the J3-B3 combination was dominant in 

inducing variability in average and slope values of the distance 

measure (Figures 6D–6E). These observations further empha

size the need for multiple metrics in the evaluation of the impact 

of neural heterogeneities on circuit functions.

Together, the systematic evaluation of the impact of individ

ual hyperparameters on different metrics of network functions 

showed the dominant role of hyperparameters governing recur

rent and input synaptic weights in regulating network training, 

performance, and dynamics. There was pronounced network- 

to-network variability in all measurements across all assessed 

hyperparameters, together emphasizing that no single hyper

parameter individually governed network training, perfor

mance, or dynamics. These observations also unveiled strong 

interdependencies across hyperparameters and the impor

tance of specific combinations for achieving specific network 

outcomes. A critical outcome of these results is that the metrics 

governing network training, performance, and dynamics are 

differentially regulated by different hyperparametric combina

tions. Collectively, these results highlight each of the points 

emphasized in our framework involving training graded hetero

geneities, the need for the population-of-network approach to 

study network-to-network variability, and the importance of us

ing multiple performance metrics rather than focusing on one 

metric. They also suggest that the focus must be on specific 

non-random combinations of hyperparameters governing 

network function, rather than narrow focus on any single 

hyperparameter.

Variable robustness of trained networks to post-training 

intrinsic perturbations

Biological neurons and networks constantly undergo changes in 

the process of learning new tasks or homeostatic mechanisms or 

non-specific disturbances, thereby introducing perturbations in 

different circuit components. We tested the robustness of the 

trained networks to these different kinds of such perturbations, 

specifically toward assessing the robustness of networks trained 

with different levels of training heterogeneities (H0–H5) to these 

post-training perturbations. We introduced post-training pertur

bations (referred to as P0-P5 to distinguish from training hetero

geneities H0-H5) of different forms to each of the 318 networks at 

six different levels, starting at P0 representing no perturbation 

and P5 denoting the highest level of perturbation. The graded 

levels in different post-training perturbations were essential 

because (1) the exact level of perturbation in biological systems 

might be variable and (2) this approach allows for assessing the 

extent of different kinds of perturbations that the learned system 

was robust to. For each of the several forms of post-training per

turbations (Figures 7–10), we performed all test trials and 

compared error levels and network dynamics across different 

levels of post-training perturbations for all 318 networks. The dif

ference in errors as well as the distances measured in latent- 

space trajectories were computed for each of the P1–P5 hetero

geneity levels with reference to the P0 network. As a population, 

the distance distributions across different durations of stimulus 

and response epochs were broadly comparable (Figure 4). 

Therefore, for the perturbation analyses below, all distance- 

based calculations are shown for the longest duration trials.

We studied the impact of post-training perturbations on the 

intrinsic properties of recurrent units after the training was com

plete. Specifically, we tested two types of post-training intrinsic 

perturbations in time constant distributions. First, the extent of 

heterogeneities in terms of the distance of time constants from 

the mean was kept constant, while the mean time constant was 

gradually shifted (Figure 7A). Across networks, we observed an 

(B) Mean distance across all 16 trials in an example network J3-B3-Δ1-τ1 with x01 (gray), x02 (purple), and x03 (green). The mean distance (dots) and the best linear 

fits (lines) are plotted along the heterogeneity axis (H0–H5). The dashes represent the average distance across all trials and heterogeneity levels. 

(C) Distribution of the average distance across all trials and heterogeneity levels (top) and the slope of the mean distance as a function of the heterogeneity level 

(bottom). The distribution is plotted for all networks together (All) and for different values of the five hyperparameters (J1–τ3). The black line depicts the median 

value of average (top) and slope (bottom) along the heterogeneity axis for each network. 

(D and E) Average (D) and slope (E) of mean distance across heterogeneity levels plotted as a heatmap for all combinations of the hyperparameter values. The 

three plots contain all the 81 networks with the initial input synaptic weights initialized as B1 (left), B2 (middle), and B3 (right). In each matrix, the x axis depicts the 

three different values of recurrent weights (J1–J3) as the major subdivisions and the three values of the initial activity values (x01– x03) as the minor subdivisions. 

Similarly, the y axis depicts the three different sets of time constant values (τ1–τ3) as the major subdivisions and the three sets of impulse patterns (Δ1–Δ3) 

introduced during training as the minor subdivisions.
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increased difference in trial performance errors (Figure 7B), as well 

as an increase in distances of latent-space trajectories (Figure 7C 

vs. 7D), both computed with reference to the P0 trials, with in

crease in post-training perturbations from P1 to P5. With increase 

in the level of post-training perturbations from P1 (Figure 7C) to P5 

(Figure 7D), we found an increase in both mean distance and the 

variability (SD) across different types of inputs.

We then asked if the robustness of the network in terms of er

ror performance or network dynamics to post-training perturba

tions (P0–P5) was dependent on the level of intrinsic heterogene

ities used during training (H0–H5). We found that in certain 

networks (e.g., N22 for P5 level of perturbation), the change in 

maximum error (from P0) decreased with increase in the level 

of training heterogeneities (from H0 to H5), whereas in other net

works (e.g., N10 for P5 level of perturbation), the change in 

maximum error increased from H0–H5. Similarly, there were 

certain networks (e.g., N28) where the mean and variance in tra

jectory distances decreased with increasing training heteroge

neities, whereas in other networks (e.g., N26), the opposite 

was true. As a consequence of pronounced variability within net

works (across trials) and across networks, the overall differences 

in errors (Figure 7B; all networks) as well as the mean and SD in 

distances (Figures 7C and 7D; all networks) were comparable 

across H0–H5 levels of training heterogeneities.

Figure 7. Pronounced network-to-network variability in the robustness of heterogeneous recurrent networks to post-training intrinsic per

turbations 

(A) Distribution of time constants for six different levels of post-training perturbations (P0–P5). Note that the mean (black bar) increases as the level of post-training 

perturbations is increased, which is distinct from heterogeneities introduced during training (H0–H5; Figure 1) where the mean was kept constant. 

(B) Distribution of the difference in response errors (across different trials) with respect to P0 for low (P1; top row) and high (P5; bottom row) levels of post-training 

perturbations, introduced in networks trained with H0–H5 heterogeneities. The first column shows an example network (N22) that showed a reduction in error with 

increase in the level of training heterogeneities (H0–H5). The second column depicts another network (N10) where the error increased in networks trained with 

higher level of heterogeneities. The third column summarizes the difference in errors across all 53 networks, spanning different trials. Black bars represent the 

median values. 

(C) Mean (left column) and standard deviation ([SD], right column) of the distance distribution (computed from trajectories in the latent space) with respect to P0 for 

low level of post-training perturbation (P1). Each panel shows plots for networks trained with different levels of heterogeneity (H0–H5). The first row shows an 

example network (N26) where the mean distance and the associated variability increased with increasing level of training heterogeneities. The second row depicts 

another network (N28) where the mean distance and the associated variability decreased with increasing level of training heterogeneities. The third row depicts 

mean distance and the associated variability across all 53 networks. 

(D) Same as (C) but for P5 instead of P1. 

F, fixation epoch; S, stimulus epoch; R, response epoch.
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In a second scenario (Figure S5A), we retained the mean to be 

the same (30 ms) with the variance of post-training perturbations 

changing across P0–P5 (with P0 representing zero variance). As 

this was identical to how H0–H5 were defined (Figure 1), a network 

trained with Hx showed minimal error for Px (Figure S5B). There

fore, in this case, errors and distances were computed with refer

ence to the heterogeneity level that the specific network was 

trained with, rather than with the respective P0. The changes in er

ror were minimal for the heterogeneity level that the network was 

trained with and increased with increasing distance from the level 

that it was trained with (Figure S5B). A similar observation held for 

the mean and SD of distances in the latent-space distance trajec

tories (Figures S5C and 5D). Importantly, there was network-to- 

network variability in terms of error performance in H0–H5 net

works (Figure S5B), as well as in the mean and variance of 

latent-space distance trajectories (Figures S5C and S5D).

Variable robustness of trained networks to post-training 

synaptic perturbations

Learned synaptic strengths in a biological network could change 

because of learning additional tasks or homeostatic mecha

nisms or non-specific perturbations. To assess the impact of 

such post-training synaptic changes, we added Gaussian noise 

to the trained synaptic weights (Figure 8A) and evaluated 

network performance and dynamics of all 318 networks. We 

refer to these post-training synaptic changes as synaptic jitter, 

Figure 8. Pronounced network-to-network variability in the robustness of heterogeneous recurrent networks to post-training synaptic jitter 

(A) Distribution of synaptic jitter (deviation from trained values) for six different levels of post-training perturbations (P0–P5). 

(B) Distribution of the difference in response errors (across different trials) with respect to P0 for low (P1; top row) and high (P5; bottom row) levels of post-training 

perturbations, introduced in networks trained with H0–H5 heterogeneities. The first column shows an example network (N8) that showed a reduction in error with 

increase in the level of training heterogeneities (H0–H5). The second column depicts another network (N11) where the error was high in networks trained with 

higher level of heterogeneities. The third column summarizes the difference in errors across all 53 networks, spanning different trials. Black bars represent the 

median values. 

(C) Mean (left column) and standard deviation ([SD], right column) of the distance distribution (computed from trajectories in the latent space) with respect to P0 for 

low level of post-training perturbations (P1). Each panel shows plots for networks trained with different levels of training heterogeneity (H0–H5). The first row 

shows an example network (N22) where the mean distance and the associated variability increased with increasing level of training heterogeneities. The second 

row depicts another network (N16) where the mean distance and the associated variability decreased with higher level of heterogeneities introduced during 

training. The third row depicts mean distance and the associated variability across all 53 networks. 

(D) Same as (C) but for P5 instead of P1. Note that in (C and D), the mean distance was high even during the response window, indicating the deleterious impact of 

synaptic jitter on network performance. 

F, fixation epoch; S, stimulus epoch; R, response epoch.

ll
OPEN ACCESS Article 

14 Patterns 7, 101685, November 13, 2026 

Please cite this article in press as: Santhosh and Narayanan, Diversity in the impact of heterogeneities on recurrent networks performing a cognitive 

task, Patterns (2026), https://doi.org/10.1016/j.patter.2026.101685



introduced at different levels P0–P5, defined by linearly 

increasing the SD (from 0 to 0.05) of the Gaussian noise. Perfor

mance errors were high for most networks and got progressively 

worse with increasing levels of synaptic jitter (Figure 8B). There 

were few networks where the difference in errors with synaptic 

jitter showed an increase (e.g., N11) or decrease (e.g., N8) 

from H0 to H5 networks (Figure 8B). On the average, error distri

bution across H0–H5 was comparable for P1 and P5 (Figure 8B). 

Importantly, the mean and the variability in the distances be

tween trajectories of P1–P5 networks, compared to their P0 

counterparts, were high even during the response epoch 

(Figures 8C and 8D). Deviations from the P0 network dynamics 

progressively increased from P1 to P5 (Figures 8C vs. 8D). These 

observations indicated that the networks were unable to 

converge to the required fixed points when post-training synap

tic jitter was introduced (Figures 8C and 8D). Network-to- 

network variability in the robustness of network dynamics on 

pre-training heterogeneities was observed in a few networks, 

with some showing increased distances (N22), while others 

showing a reduction (N16) through H0–H5 (Figures 8C and 8D). 

Of all the post-training perturbations tested, we found synaptic 

jitter to be the most detrimental post-training perturbation, which 

severely affected all networks across all training heterogeneity 

levels even during the response epochs.

Figure 9. Pronounced network-to-network variability in the robustness of heterogeneous recurrent networks to post-training shift in 

network activity at task initiation 

(A) Distribution of network activity range in all recurrent units at network initiation for six different levels of post-training perturbations (P0–P5). Note the shift in the 

mean value of the initial activity distribution with increase in the level of post-training perturbations. 

(B) Distribution of the difference in response errors (across different trials) with respect to P0 for low (P1; top row) and high (P5; bottom row) levels of post-training 

perturbations, introduced in networks trained with H0–H5 heterogeneities. The first column shows an example network (N41) that showed a reduction in error with 

increase in the level of training heterogeneities (H0–H5). The second column depicts another network (N26) where the error was high in networks trained with 

higher level of heterogeneities. The third column summarizes the difference in errors across all 53 networks, spanning different trials. Black bars represent the 

median values. 

(C) Mean (left column) and standard deviation ([SD], right column) of the distance distribution (computed from trajectories in the latent space) with respect to P0 for 

low level of post-training perturbations (P1). Each panel shows plots for networks trained with different levels of training heterogeneity (H0–H5). The first row 

shows an example network (N40) where the mean distance and the associated variability increased with increasing level of training heterogeneities. The second 

row depicts another network (N25) where the mean distance and the associated variability decreased with higher level of heterogeneities introduced during 

training. The third row depicts mean distance and the associated variability across all 53 networks. 

(D) Same as (C) but for P5 instead of P1. 

F, fixation epoch; S, stimulus epoch; R, response epoch.
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Variable robustness of trained networks to post-training 

perturbations in the initial activity of the network and 

exploratory activity impulses

The brain is in continual flux, with neurons in the network contin

ually responding to variable external stimuli and internal activity. 

Therefore, the initial conditions at the beginning of a task can be 

variable and could be a parameter that defines task perfor

mance. How do trained networks respond to changes in initial 

activity patterns? We tested the robustness of the network to 

two types of post-training perturbations in initial activity patterns 

at the beginning of the trials (x(0)). First, the extent of heteroge

neities in terms of the initial activity patterns from the mean 

was kept constant while gradually shifting the mean activity 

value from P0 to P5 (Figure 9A). Changes in the initial state 

affected few trials in certain networks, but mostly the changes 

in error values were minimal across networks across different 

levels of post-training perturbations (Figure 9B). Network-to- 

network variability in the dependence of performance error on 

training heterogeneities was prevalent (Figure 9B), with some 

networks showing less error for H0 compared to H5 (e.g., N26) 

and others showing the opposite trend (e.g., N41). The network 

dynamics manifested deviations in network trajectories, which 

progressively increased through P1–P5, with changes in the 

initial state of the network. However, these deviations were 

Figure 10. Pronounced network-to-network variability in the robustness of heterogeneous recurrent networks to post-training shift in the 

stimulus epoch duration 

(A) Value of stimulus epoch duration for six different levels of post-training perturbations (P0–P5). 

(B) Distribution of the difference in response errors (across different trials) with respect to P0 for low (P1; top row) and high (P5; bottom row) levels of post-training 

perturbations, introduced in networks trained with H0–H5 heterogeneities. The first column shows an example network (N14) that showed a reduction in error with 

increase in the level of training heterogeneities (H0–H5). The second column depicts another network (N40) where the error was high in networks trained with 

higher level of heterogeneities. The third column summarizes the difference in errors across all 53 networks, spanning different trials. Black bars represent the 

median values. (C) Mean (left column) and standard deviation ([SD], right column) of the distance distribution (computed from trajectories in the latent space) with 

respect to P0 for low level of post-training perturbations (P1). Each panel shows plots for networks trained with different levels of training heterogeneity (H0–H5). 

The first row shows an example network (N52) where the mean distance and the associated variability increased with increasing level of training heterogeneities. 

The second row depicts another network (N23) where the mean distance and the associated variability decreased with higher level of heterogeneities introduced 

during training. The third row depicts mean distance and the associated variability across all 53 networks. 

(D) Same as (C) but for P5 instead of P1. 

For (C and D), the mean distance and the associated variability are depicted for the response epoch, as distance computation during the stimulus epoch was 

impossible, given the differences in stimulus epoch duration across the different post-training perturbation levels.
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predominantly limited to the first half of the trial period 

(Figures 9C and 9D). In most cases, the network converged to 

the same final fixed points, thereby minimizing the final errors 

during the response epochs (Figures 9C and 9D). We did 

observe some networks showing more deviation in network dy

namics for high levels of training heterogeneities (e.g., N40), 

whereas others showed enhanced deviations for low levels of 

training heterogeneities (e.g., N25) for both P1 (Figure 9C) and 

P5 (Figure 9D) levels of post-training perturbations. In a second 

scenario (Figure S6), we kept the mean activity to be the same 

with the range of post-training perturbations changing across 

P0–P5. Our observations here were very similar to the scenario 

where we changed the mean activity, whereby the deviations 

in dynamics (which did show network-to-network variability) 

had negligible impact on the response epoch and final outcomes 

(Figure S6).

We tested the network by introducing exploratory activity im

pulses, Δ (which were otherwise used only during training trials, 

but not during test trials), at frequencies in between 0 and 10 Hz 

defining P0–P5 (Figure S7A). Since the networks were trained 

with low frequency Δ, we expected that the network would be 

robust to low-frequency activity exploratory activity impulses. 

We found the difference in errors to be low (<0.4) across all levels 

of training heterogeneities and post-training exploratory activity 

impulses (Figure S7B). Network-to-network variability in the 

dependence on the level of training heterogeneities was 

observed, with some networks showing increasing error through 

H0–H5 (e.g., N13), while others showing a reduction (e.g., N3). 

The distance between network trajectories was high due to 

random exploratory activity impulses (Figures S7C and S7D). 

On the average, across networks, the deviation in network dy

namics peaked at the start of stimulus epoch and the maximal 

deviations were not markedly different across H0–H5 levels of 

training heterogeneity (Figures S7C and S7D). However, there 

were networks like N20 where the deviations and their variance 

were higher for H5 than for H0, or like N53 where the deviations 

and their variance were higher for the H0 network than others 

(Figures S7C and S7D).

Together, we found large deviations in network dynamics with 

changes in network initialization, coupled with pronounced 

network-to-network variability in the dependence on training 

heterogeneities. However, these deviations did not affect the 

final responses as the network converged to the same fixed 

points during the response epoch of most trials across P1–P5 

levels of post-training perturbations in network initialization 

(Figure 9; Figure S6). With the introduction of exploratory activity 

impulses at different frequencies, we found pronounced 

network-to-network variability in the robustness of network per

formance and its dependence on training heterogeneities, 

although overall errors in performance were low across different 

frequencies of exploratory activity impulses (Figure S7).

Variable robustness of trained networks to changes in 

stimulus epoch duration

During the training process, we had used a stimulus epoch dura

tion of either 200 or 800 ms (Figure 1). We tested the robustness 

of the learned networks to variations in the stimulus epoch dura

tion from 800 to 50 ms spanning P0–P5 levels of post-training 

perturbations (Figure 10A). The changes in errors were not high 

for H0–H5 networks when epoch durations remained higher 

than 100 ms (Figure 10B). However, for epoch durations less 

than 100 ms, the errors were high irrespective of the level of 

training heterogeneity (Figure 10B). Given that the design of 

these trials involved variable stimulus epoch durations (through 

P0–P5), computation of distances between the network trajec

tories (comparing P1–P5 with P0 dynamics) was feasible only 

for the response epoch (Figures 10C and 10D). The distance 

values at the beginning of the response epoch progressively 

increased with the reduction in stimulus epoch duration 

(Figures 10C vs. 10D). However, across P1–P5, the deviation in 

network trajectories sharply declined and showed convergence 

in many networks, although the variability was high with shorter 

stimulus epoch durations (Figures 10C and 10D). Network-to- 

network variability was prevalent in terms of how robustness to 

stimulus epoch duration depended on H0–H5 levels of training. 

Whereas some networks (e.g., N23) showed lower distances 

for H5 vs. H0, others (e.g., N52) showed the opposite depen

dence. Nevertheless, the average distance and the associated 

variance across all networks did not vary much across H0–H5 

(Figures 10C and 10D). Together, decreasing the stimulus epoch 

reduced the accuracy of network performance and enhanced 

deviations in network dynamics and associated variability. There 

was pronounced network-to-network variability in how the 

robustness to changes in stimulus duration depended on training 

heterogeneities.

Collectively, we observed pronounced network-to-network 

variability in how the different networks reacted to all the tested 

post-training perturbations (Figures 7–10 and S5–S7). Although 

network robustness to perturbations was strongly dependent 

on the degree of training heterogeneity, there was no monotonic 

relationship between network robustness and degree of hetero

geneity. Instead, there was strong network-to-network variability 

in how robustness depended on the degree of heterogeneity, 

with additional dependencies on the form and the level of spe

cific post-training perturbation being tested (Figures 7–10 and 

S5–S7). Among all the different post-training perturbations stud

ied, we found synaptic jitter (Figure 8; Table S2) to be the most 

detrimental. Among the others, perturbations to the mean of 

the time constant distribution (Figure 7) or to the stimulus epoch 

duration (Figure 10) yielded graded increases in performance er

ror and in the mean/variance in distances of latent-space trajec

tories through P1–P5. On the other hand, perturbations to the 

range of time constant distribution (Figure S5), to the mean of 

initial activity distribution (Figure 9), to the range of initial activity 

distribution (Figure S6), or to the frequency of exploratory activity 

impulses (Figure S7) had minimal impact on performance error.

DISCUSSION

Our analyses revealed that heterogeneities impacted training 

performance, task-execution dynamics, and robustness to 

post-training perturbations in diverse ways even if training pa

rameters and task definitions were identical. First, we show pro

nounced network-to-network variability in the dependence of 

training performance on the level of heterogeneity, as measured 

by the training trials required and task performance errors 

(Figure 2). Second, the impact of training heterogeneities on 

network dynamics during task execution manifested substantial 
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variability across networks (Figures 3 and 4). Finally, post- 

training perturbations had a marked impact on performance er

rors and network dynamics, with considerable network-to- 

network variability in how robustness depended on the level of 

training heterogeneities (Figures 7–10).

The fundamental conclusion of our analyses is that the impact 

of neural-circuit heterogeneities on network performance is 

diverse and depends heavily on several considerations (form of 

heterogeneities, degree of heterogeneities, metrics used for 

measurement of performance, type of performance that is 

measured, the time point at which heterogeneities are 

measured, etc.). These observations imply that strong conclu

sions based on studying a single type of heterogeneity at a single 

degree using a single performance metric should not be made.

The need for a population-of-networks approach in 

studying the impact of neural-circuit heterogeneities

The pronounced network-to-network variability in the impact of 

heterogeneities in training performance and in task-execution 

dynamics critically emphasize the need for using a population- 

of-networks approach to study neural-circuit heterogeneities. 

The use of a single network would have biased conclusions, 

showing that heterogeneities had either a beneficial or a delete

rious impact on performance. The use of a population of net

works allowed us to identify different networks that manifested 

diverse dependencies on heterogeneities, in training perfor

mance and task dynamics. The importance of using a popula

tion-of-networks approach has been strongly emphasized by 

several studies to account for variability as well as the role of 

distinct components in implementing network function.22,25,73

Our analyses strongly emphasize the need for the use of popula

tion-of-networks approach in studying the impact of heteroge

neities on recurrent networks implementing cognitive tasks.

An important aspect of the population-of-networks approach 

is the impact of perturbations on network performance. It has 

been repeatedly observed that networks performing the same 

tasks, but with variable sets of components respond differently 

to the same perturbations.25,58–64 The variable impact of these 

perturbations has also been used to assess the dynamics of 

dysfunction in these neural circuits. In this context, our analyses 

demonstrate pronounced network-to-network variability in the 

impact of different forms of post-training perturbations on 

network performance. Whereas certain networks manifested 

strong dependence on training heterogeneities, others showed 

negligible impact on the level of training heterogeneities. The di

versity in the dependence of robustness to different forms of 

post-training perturbations could be employed as a handle on 

how different networks accomplish the task and what contribu

tions training heterogeneities make to this robustness. Together, 

our framework strongly recommends the training and assess

ment of a population of networks with different hyperparameters 

in studying the impact of different forms of neural-circuit hetero

geneities on task performance, dynamics, and robustness to 

post-training perturbations.

Diversity in the impact of heterogeneities across 

networks and their functional outputs

The study of neural heterogeneities has revealed a diversity of 

roles played by heterogeneities in affecting circuit function. Het

erogeneities have been shown to be beneficial in terms of perfor

mance and robustness of decorrelating networks,23,41,42,64 as 

well as in recurrent networks that have been trained to perform 

certain classification tasks.57 In contrast, heterogeneities have 

been shown to hamper the performance of continuous attractor 

networks (CAN), although the addition of a negative feedback 

loop to individual units stabilizes heterogeneous CAN 

models.44,45 Our analyses here extend this diversity of impact 

by demonstrating pronounced network-to-network variability in 

the impact of heterogeneities on training, task-execution dy

namics, and robustness of recurrent networks performing a 

cognitive task. Our framework involved the training of recurrent 

networks with different hyperparameters and with different levels 

of training heterogeneities. Our assessment of trained networks 

spanned training performance, task execution, and robustness 

to several levels of different post-training perturbations with a va

riety of performance metrics. In conjunction with other studies 

mentioned above, our analyses suggest that the diversity in the 

impact of heterogeneities is critically dependent on several fac

tors. Factors that govern such diversity include the kind of 

network and its architecture, the type of model used for individ

ual units, network hyperparameters, the specific task that is per

formed by the network and its complexity, the type of heteroge

neity being introduced, the degree of heterogeneity introduced, 

the specific methodology used to introduce heterogeneity, and 

the metrics used to evaluate performance. In addition to these, 

our analyses also emphasize that the level and form of post- 

training perturbations also need to be explicitly accounted for 

in assessing the robustness of heterogeneous networks to per

turbations. Overall, our analyses emphasize the critical need to 

account for each of these factors in assessing the impact of neu

ral-circuit heterogeneities on circuit function. Without account

ing for these factors, conclusions are bound to be biased by 

the choices made with reference to each of these different fac

tors that govern the diversity in the impact of heterogeneities 

on circuit function.

A complex system interpretation of heterogeneities in 

neural circuits

How do we reconcile this diversity and variability in the depen

dence of network function on component heterogeneities? Our 

analyses suggest the complex systems framework as an ideal 

substrate for analyzing the impact of heterogeneities on neural 

circuits and their performance. Complex systems are systems 

where several functionally specialized subsystems interact to 

yield collective functional outcomes.79–82 With specific reference 

to biological neural circuits and the different forms of heteroge

neities that manifest there, each neuron could be considered 

as a functionally specialized subsystem and the synaptic con

nectivity defining specific interactions.83 Complex systems are 

defined by two key attributes. First, the interactions among sub

systems of a complex system are neither fully determined nor 

completely random. This intermediate level of randomness is 

characterized by network motifs, defined as subnetworks that 

appear more frequently than expected in random networks. 

With reference to neural circuits and their heterogeneities, our 

analyses demonstrate that arbitrarily random synaptic connec

tivity with random neuronal heterogeneities would not accom

plish a given task. This may be readily inferred from the high 
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pre-training errors in task execution (Figure 2) as well as with the 

deleterious impact of synaptic jitter on network performance 

(Figure 8). Thus, within the complex systems framework, learning 

could be considered as a mechanism that identifies these motifs 

(the non-random interactions among different forms of heteroge

neities) that are essential for execution of the specific task in 

hand.2,84

The second key feature of complex systems, which rules out 

the ‘‘completely determined’’ extreme in complex systems, is 

degeneracy, defined as the ability of multiple combinations of 

distinct subsystems to achieve the same collective func

tion.20–22,28,79,85–87 In a heterogeneous neural circuit, each 

neuron is endowed with disparate intrinsic properties and neu

rons are connected by weights whose distributions are non-uni

form. Thus, the ability of disparate sets of functionally special

ized subsystems interacting with each other in heterogeneous 

ways to yield the same collective function (implement the task) 

constitutes a form of degeneracy. The presence of several 

such combinations, elucidated by different network initializa

tions with disparate forms of intrinsic and synaptic heterogene

ities, that are successfully able to learn the task (Figure 2) with 

disparate network dynamics (Figures 3 and 4) fulfills this. Thus, 

learning could be interpreted as the adaptive means to find 

one of the several combinations of compatible heterogeneities 

in the different neural-circuit components (subsystems) to 

achieve efficacious task performance. Network-to-network vari

ability in performance, dynamics, and robustness are natural 

consequences within the complex systems frame

work20,24,25,58,63,67,74 because different networks learn disparate 

combinations of specific levels of heterogeneities in various sub

systems to achieve the same outcome. Specifically, systems 

manifesting degeneracy exhibit pronounced system-to-system 

variability in how different functional metrics are affected by 

identical perturbations to the same component.20,25,43,58–64,88

As our analyses clearly demonstrate, different networks re

sponded with pronounced variability to each of the tested pertur

bations (Figures 7–10 and S5–S7), together emphasizing the 

complex-systems perspective and the degenerate routes to 

achieving task performance.

Therefore, individual neural heterogeneities should not be seen 

through the prism of whether they are beneficial or detrimental to 

circuit function. Instead, they should be interpreted from the 

perspective of how specific combinations of disparate forms of 

heterogeneities come together to implement a specific function. 

When each of the different components of the network are as

sessed individually, they manifest widespread heterogeneities. 

But, when specific forms of heterogeneities interact with each 

other, they are able to accomplish the collective function of the 

complex system that they define. For example, in our analysis, 

disparate combinations of interactions among specific synaptic 

weights with specific intrinsic properties (each of which is hetero

geneous by itself within that network) implements collective func

tion. Even in scenarios where heterogeneities have been shown to 

be deleterious, the presence of other components with appro

priate heterogeneities in them have negated the deleterious 

impact of heterogeneities. For instance, different forms of hetero

geneities have been shown to negatively impact CANs.44,45 How

ever, the incorporation of an additional heterogeneous compo

nent that implements a slow negative feedback loop, either 

through inhibition or through ionic currents in individual neurons, 

could stabilize these networks toward accomplishing their collec

tive function.44,45 Therefore, within the complex systems frame

work, we argue that the focus should not be on heterogeneities 

in individual components. Instead, the emphasis must be on the 

global structure of heterogeneities across all components, how 

they interact with each other, and how they adapt together toward 

achieving collective function.21,22,24,74,85,89

Limitations and future directions

Our analyses here was to develop a framework for assessing the 

impact of neural heterogeneities on circuit function, with networks 

endowed with a simple form of heterogeneity trained with one of 

the simplest of cognitive tasks. Methodologically, these analyses 

should be extended to networks trained to perform multiple tasks, 

each with more complexity than the task that we had employed 

here. Such analyses also could bring in other biological attributes 

such as networks with separate excitatory and inhibitory neuronal 

populations, single units with more complexity reflecting biolog

ical neurons with active dendrites, concomitant plasticity of 

intrinsic and synaptic properties, adaptive regulation of network 

components in response to perturbations, and connectivity (local 

as well as afferent) that reflects specific biological net

works.23,57,64,74,83,90–93 With specific reference to perturbations, 

in our analyses, we did not explicitly incorporate adaptive 

compensatory mechanisms that might restore function in the 

post-perturbation regime. Thus, direct generalizations of conclu

sions here to biological networks that are endowed with several 

compensatory regulatory mechanisms should be avoided, 

emphasizing the need for future studies explicitly incorporating 

such adaptive regulation to the network design. Such incorpora

tions, apart from improving biological cross-interpretability, would 

also increase the number of places where heterogeneities could 

be introduced at different levels, providing avenues for assess

ment of training performance, task-execution dynamics, and 

robustness to perturbation when networks are trained with these 

heterogeneities. From a learning-theoretic standpoint, an impor

tant avenue for further exploration on the impact of heterogene

ities is in continual learning systems, especially where the compo

sitionality of dynamic motifs aids continual learning of different 

tasks in the same network.1,2

From a pathophysiological standpoint, an important line of 

future research would be to assess the quantitative impact of 

different neurological disorders on neural-circuit heterogeneities 

and how such changes in the level or form of heterogeneities 

affect circuit function. Although most analyses focus on the 

average shifts in specific quantities, given the diverse and strong 

impact of neural-circuit heterogeneities on circuit function, it is 

essential to quantify this across different measurements and 

ask if altered heterogeneities contribute to circuit function.65

Pathological conditions could be viewed as consequences of 

change in levels of heterogeneities. Specifically, circuit dysfunc

tion could emerge from changes in the level of certain forms of 

heterogeneities in the absence of concomitant changes in other 

forms. If other changes had occurred concomitantly, they could 

have collectively compensated each other toward achieving 

comparable task performance. The absence of concomitant 

changes in heterogeneities could, therefore, yield dysfunction 

in the functional outcomes.
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METHODS

Network architecture

A fully connected recurrent network model of N (=200) units 

(Figure 1) was used for all analyses. The dynamical equation 

that governed network activity was78:

τ
dx(t)

dt
= − x(t)+ J:r(t)+ B:u(t)+ Δ(t); (Equation 1) 

r(t) = tanh(x(t)); (Equation 2) 

where x(t) represented the N-dimensional activity vector span

ning all units, r(t) defined the response vector of the network 

units, and u(t) represented the M-dimensional feedforward input 

vector at time t. J depicted an N ×N matrix of recurrent connec

tion weights, initialized from a normal distribution of mean 0 and 

variance g2/N. B is an N ×M matrix of input connection weights 

initialized from a uniform distribution in the range [− 0.01, 0.01]. τ 
denoted an N-dimensional vector of time constants assigned to 

each unit in the network.

During training, random exploratory activity impulses Δ, were 

independently introduced to the activity of each unit at an average 

frequency of 3 Hz.78 As our integration time constant Δt was set at 

1 ms (below), this was implemented by picking a random number, 

one for each of the 200 units for every time step, between 0 and 1, 

and generating an activity impulse if this value is less than 0.003. 

This translated to 3 activity impulses (on the average) per unit in 

every 1,000 time steps, together translating to an average fre

quency of 3 Hz. The amplitude values of these exploratory activity 

impulses were sampled from a uniform distribution that spanned 

[–0.5, 0.5] and occurred randomly.

The vector u(t) was made of three different types of inputs: u = 

(ufix, ustim, utask). The fixation input ufix distinguishes the fixation 

period of the cognitive task from the response period. At the 

beginning of a trial, ufix was assigned a value of 1, indicative 

of the fixation period. Switching the value of ufix to 0 signals 

the beginning of the response epoch, during which the 

network response was evaluated. Stimulus input vector ustim = 

(ustim1, ustim2) is 2-dimensional and carried task-specific stimulus 

information to all units of the network. Each input ustim1 and ustim2 

switched between one of three values: − 1, 0, or 1, with 0 indi

cating the absence of any stimulus and − 1/1 representing one 

of two distinct kinds of inputs that the network was presented 

with. utask(t) is a 6-dimensional one-hot vector with each dimen

sion specifying a different task. For any trial, only the task input 

corresponding to the current task was set at 1, while the others 

remained at 0. For all experiments reported in this study, the 

dimension for the ‘‘Go task’’ was set to 1 and the rest were set 

to zero.

In our simulations, a first-order Euler approximation in time 

steps of Δt for each unit i was used for implementing the dynam

ical system represented in Equation 1:

xi(t + Δt) =

(

1 −
Δt

τi

)

xi(t)+
Δt

τi

[
∑N

j = 1

Ji;j rj(t)

+
∑M

k = 1

Bi;kuk(t) + Δi

]

;

(Equation 3) 

where N = 200, M = 9, g = 1.5, and Δt = 1 ms. The initial activity 

pattern x(0) was set by sampling a uniform distribution spanning 

[–0.1, 0.1]. To ensure that the units received information about 

the stimulus inputs (ustim), the column vectors in B correspond

ing to the stimulus inputs were scaled up by a factor of 100. 

Four arbitrarily chosen units were maintained at a constant acti

vation of 1 to act as bias inputs to other units in the network. One 

of the N units was designated as the output unit of the network 

whose response is evaluated as the network’s response.78

Incorporating training heterogeneity in the model

The time constant associated with individual units was initialized 

as a vector to incorporate intrinsic heterogeneity into the 

network. τ was initialized from a uniform distribution in range 

[τmin, τmax]. Consistent with our earlier analyses on heterogene

ities,28,45 we introduced heterogeneities in a graded fashion 

rather than using a binary homogeneous vs. heterogeneous 

distinction in networks. In implementing this gradation, we intro

duced six levels of heterogeneities in unit time constants. For the 

six levels of heterogeneities H0–H5 in that order, the ranges of 

time constants [τmin, τmax] were defined by τmin = 30, 29, 25, 

20, 10, 1 and τmax = 30, 31, 35, 40, 50, 59 (Figure 1). The homo

geneous level (H0) corresponded to a network where all units 

were assigned an identical time constant value of 30 ms. The 

level of heterogeneities progressively increases through H1–H5 

as indicated by the respective values of τmin and τmax, translating 

to a progressive increase in the range of time constants always 

centered at 30 ms (Figure 1). The highest heterogeneity level 

(H5) was defined by units being randomly assigned to time con

stant values in the range 1–59 ms. The choice of the range 1– 

59 ms was to ensure that the time constant does not become 

zero for any unit and that the mean time constant across all het

erogeneities was fixed at 30 ms.

To avoid biases introduced by the use of a single network for 

all analyses, we used a population-of-networks approach 

throughout our analyses to assess potential network-to-network 

variability in training performance and response dynamics. Spe

cifically, the major hyperparameters of our network are: the seed 

value that determines the initial values of the connectivity 

matrices J and B, the seed value that determines the initial 

values of the activity vector x(0), the seed value that determines 

the values of time constants from their respective distributions (in 

heterogeneous networks), and the seed value governing the 

pattern of exploratory activity impulses Δ. Instead of using one 

set of initial conditions associated with these hyperparameters, 

we created 53 distinct networks (N1–N53) by picking 53 different 

values for these hyperparameters. Each of these 53 distinct net

works were initialized with the 6 different intrinsic heterogeneities 

(H0–H5), together providing a total of 53 × 6 = 318 total networks 

that were trained for the cognitive task. The presence of a pop

ulation of networks, each trained with different levels of hetero

geneities, allowed us to quantitatively assess network-to- 

network variability in the impact of heterogeneities on training 

performance and response dynamics.

Cognitive task description

Each of the 318 networks were trained on a memoryless Go task 

(Figure 1). The overall task structure and the input structure were 

modified from Yang et al., 2019.1 The choice of the simple Go 
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task with simpler input structure was to reduce computational 

complexity of the task, to allow us to focus on the impact of mul

tiple levels of heterogeneities and different hyperparameters. 

Each trial of the task consisted of three epochs. The fixation 

epoch was 200 ms long, during which ufix = 1. At the beginning 

of the stimulus epoch, a single stimulus was presented through 

either ustim1 or ustim2 inputs. Specifically, one of ustim1 or ustim2 

was randomly set to 1 or –1 (the active stimulus) and the other 

stimulus was set to zero (the inactive stimulus). These stimulus 

inputs remained at those specific values for the rest of the entire 

trial duration. The stimulus epoch duration switched randomly 

between 200 and 800 ms to ensure that the network learned 

the task and not the specifically timed responses. The response 

epoch follows the stimulus epoch, signaled by ufix being reset to 

0. The network response and associated error were evaluated 

during the response epoch period. For the memoryless Go 

task, the target response must be equal to the only active stim

ulus input (ustim1 or ustim2) in that trial (which would be either +1 or 

− 1). The duration of the response epoch randomly switched be

tween 400 and 800 ms, again to ensure that the network learned 

the task and not the specific timings. Thus, the minimum trial 

duration was 800 ms (200 + 200 + 400 across the three epochs), 

while the maximum trial duration was 1,800 ms (200 + 800 + 800). 

During training, the choice between ustim1 and ustim2, the specific 

input (− 1 or +1) to the chosen stimulus, and the durations of the 

stimulus and the response epochs were randomly varied across 

trials.

Training and testing procedures

The input and recurrent synaptic weights were modified at the 

end of each trial based on a modified form of reward-modu

lated Hebbian learning.78 During a trial, the potential weight 

change or eligibility trace for each recurrent synapse from the 

jth unit to the ith unit was accumulated over the course of the 

trial as

eJ
i;j(t) = eJ

i;j(t − 1)+
(
rj(t − 1) (xi(t) − xi)

)3
; (Equation 4) 

where xi maintained a short-term running weighted average of 

the xi calculated as xi(t) = αxxi(t − 1)+ (1 − αx)xi(t). Thus, 

(xi(t) − xi) tracked sudden fluctuations in the unit’s activity, pri

marily due to the exploratory activity impulse Δi. Similarly, for 

each synapse from the kth external input to the ith unit, the eligi

bility trace ei,k was as follows:

eB
i;k(t) = eB

i;k(t − 1)+ (uk(t − 1) (xi(t) − xi))
3
: (Equation 5) 

At the end of each trial, error was calculated over the response 

epoch (RE) as the average absolute difference between the 

network output (robs(t)) and expected output (rexp(t)) for the trial 

as follows:

E = mean
( ⃒
⃒robs(t) − rexp(t)

⃒
⃒
t∈RE

)
: (Equation 6) 

Following conventions from Miconi, 2017,78 the reward for the 

trial was taken as the negative of the error, R = − E. It may be 

noted that R is always negative as E represents the average ab

solute difference. The reward prediction error (R − R) signal was 

then computed with R, the expected reward, calculated for trial n 

as follows:

R(n) = αRR(n − 1)+ (1 − αR)R(n): (Equation 7) 

The reward prediction error was used to modulate the eligi

bility traces and compute weight changes,

ΔJi;j = ηJeJ
i;jR(R − R); (Equation 8) 

ΔBi;k = ηBeB
i;kR(R − R); (Equation 9) 

where ηJ and ηB defined the learning rates for the J and B 

matrices, respectively. In these simulations, the default values 

of the relative weightages for computing xi(t) and R(n) were 

αx = 0.05 and αR = 0.33, respectively. The default learning rate 

parameters were set at ηJ = ηB = 0.15. Synaptic weights were up

dated using these relationships, and the network then switched 

to the next trial of the cognitive task to repeat the whole updation 

process again. Under default conditions, similar to the conver

gence structure in Miconi, 2017,78 convergence of the network 

(completion of training) was defined to be achieved if the error 

value E was less than 0.05 for a threshold number of consecutive 

trials (Tth). The default value of Tth was taken as 100.

By default, trained networks were tested without the explor

atory activity impulses. Each network was tested on 16 different 

trials covering all 4 combinations of inputs (either ustim1 or ustim2 

taking a value of either − 1 or +1) and 4 trial durations (800, 1,200, 

1,400, or 1,800 ms). The network performance was then quanti

fied based on the absolute error, E, computed for each trial. A 

trial was counted as a correct trial if E < 0.05.

Analyzing latent network dynamics

The temporally aligned responses of all 200 units in the network 

across all 16 trials were concatenated into a matrix R of dimen

sions T×N where N defined the total number of recurrent units 

and T represented the total number of time points across all 16 

trials. To obtain the latent-space dynamics of each network, 

we performed PCA on the associated R matrix. The projections 

to the first three principal components of the activity of the N 

recurrent units across time, during different kinds of trials, were 

used for visualizing the latent-space trajectories in 3D. The 

dimensionality of the system was computed using the eigen 

values (λi) associated with the R matrix as follows94–96:

Dimensionality =

(
∑

i

λi

)2

∑

i

λ2
i

: (Equation 10) 

Since latent-space dynamics of different networks trained on 

the same task form different trajectories in different latent 

spaces, the latent spaces themselves need to be aligned before 

the network trajectories can be compared across networks. CCA 

applies linear transformations to find a new set of dimensions for 

the latent-space dynamics of a pair of networks, L1 and L2, such 

that their pairwise correlation is maximized.5 When M1 and M2 

defined the coefficient matrices for projecting L1 and L2 to the 

new dimensions, respectively, the projections of the latent- 

space dynamics along the new dimensions were calculated as

~L1 = MT
1 L1; ~L2 = MT

2 L2: (Equation 11) 
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Then, the latent-space dynamics of network 2 aligned with 

network 1 was obtained as

L̂2 = M− 1
1 MT

2 L2: (Equation 12) 

For each network, the projections along the first 4 PCs were 

taken for CCA transformation and the latent-space trajectories of 

each pair of networks were aligned. The dimensionality value 

calculated using Equation 10, across all 318 networks was around 

3. As dimensionality approximately represents the number of di

mensions required for explaining around 80% of the total variance, 

we used 4 dimensions for the CCA transformation. Therefore, the 

Mi matrices were of dimension 4 × 4. For all our analyses, network 

N1 was used as the reference network for mappings.

To observe the variability in latent-space dynamics due to 

change in network configurations, Euclidean distances between 

trajectories in the aligned latent space was computed for each 

pair of networks. Let L̂ and K̂ be T × m matrices of aligned 

latent-space trajectories of the dynamics of two networks, where 

T defined the number of time points and m = 4 denoted the num

ber of dimensions of the aligned trajectories. The distance be

tween the trajectories as a function of time was then calcu

lated as

d(L̂; K̂ ; t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑m

i = 1

(li(t) − ki(t))
2

√

; (Equation 13) 

where li(t) and ki(t) defined the columns of the matrix L̂ and K̂ , 

respectively. To quantify the impact of heterogeneity level on 

network dynamics, the distance between the heterogeneous 

(H1–H5) network trajectories was calculated with respect to 

the homogenous (H0) network trajectory.

Assessing interdependencies of the impact of network 

hyperparameters on network training, task 

performance, and dynamics

To assess the specific impact of the different values of the five 

major hyperparameters, we selected the set of seed values 

used to generate networks N1–N3 (Table S1): (1) the initial value 

of the recurrent connectivity matrices J: J1, J2, and J3; (2) the 

initial value of the input connectivity matrix B: B1, B2, and B3; 

(3) the initial values of the activity vector x(0): x01, x02, and x03; 

(4) the pattern of exploratory impulses Δ during training: Δ1, 

Δ2, and Δ3; and (5) and the values of time constants, τ: τ1, τ2, 

and τ3. With all combinations of the five hyperparameters (35), 

each with six levels of heterogeneity, we generated and trained 

a total of 35 × 6 = 1,458 networks on the Go task.

We quantified the performance of these 1,458 networks using (1) 

the number of training trials, (2) the task performance error, and (3) 

the latent-space distance of network trajectories with respect 

to the corresponding H0 network’s trajectory. To assess how these 

different metrics varied across heterogeneity levels for different 

networks, we performed a linear fit to the metric as a function of 

heterogeneity level. The slope of the linear fit and the mean across 

heterogeneity levels were compared for all the combinations of hy

perparameters. As distances were calculated with the H0 network 

as reference, H0 networks were removed from the slope and 

average calculation for the trial-averaged distances to avoid bias 

due to the zero values for H0 networks.

Assessing the robustness of networks to post-training 

perturbations

The different kinds of post-training perturbations for which 

robustness of all 318 networks was assessed are described 

below (Table S2). Unless otherwise stated, the performance er

ror and dynamics of the networks with post-training perturba

tions (P1–P5) were compared to that of the respective P0 

network (where there was no post-training perturbation). In 

each of the cases below, to explore the robustness of the 

network against the post-training perturbations, the difference 

in the absolute trial errors with and without heterogeneities 

was calculated. Similarly, the impact of post-training perturba

tions on the latent-space dynamics was quantified as the dis

tance of trajectories with post-training perturbation (P1–P5) 

from the respective P0 trajectory.

Intrinsic heterogeneity in unit time constants

We tested two types of post-training intrinsic perturbations in 

time constant distributions. First, the extent of heterogeneities 

in terms of the distance of time constants from the mean was 

kept constant, while the mean time constant was gradually 

shifted. The shifts in the time constant of each unit (in ms) were 

(0, 1, 5, 10, 20, 40), in that sequence, for P0–P5 levels of post- 

training perturbations. In this case, we used the respective P0 

network as the reference for computing errors and distances 

(the default scenario mentioned above). In a second scenario, 

we kept the mean to be the same with the variance of post- 

training perturbations changing across P0–P5 (with P0 repre

senting zero variance). As this was identical to how H0–H5 

were defined, a network trained with Hx showed minimal error 

for Px. Therefore, in this case, errors and distances were 

computed with reference to the heterogeneity level that the spe

cific network was trained with.

Jitter in recurrent synaptic weights

To assess the robustness of networks to changes in the trained 

values of recurrent synaptic weights, we introduced Gaussian 

jitter with zero mean and increasing variance. The SD values of 

the Gaussian noise for P0–P5 were (0, 0.01, 0.02, 0.03, 

0.04, 0.05).

Distribution pattern of initial activity

These post-training perturbations reflect differences in initial ac

tivity patterns at the beginning of the trials (x(0)). We tested two 

types of post-training perturbations in initial activity patterns 

here. First, the extent of heterogeneities in terms of the initial ac

tivity patterns from the mean was kept constant, while the mean 

activity value was gradually shifted. The shifts in the initial activity 

value of each unit were (0, 0.1, 0.25, 0.5, 1, 2), in that sequence, 

for P0–P5 levels of post-training perturbations. In a second sce

nario, we kept the mean activity to be the same with the range of 

post-training perturbations changing across P0–P5 (with P0 rep

resenting zero perturbations). The range of heterogeneities in the 

initial activity value of each unit was (0, 0.1, 0.25, 0.5, 1, 2), in that 

sequence, for P0–P5 levels of post-training perturbations. For 

instance, for the P5 value, the range would be − 2 to +2 for 

how the initial activity heterogeneities will be introduced. At P0, 

x(0) = 0.

Stimulus epoch duration

During the training process, we had used a stimulus epoch dura

tion of either 200 or 800 ms. We tested the robustness of the 

learned networks to changes in the stimulus epoch duration. 
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The stimulus epoch durations for P0–P5 post-training perturba

tions were (800, 600, 400, 200, 100, 50) in that sequence.

Frequency of exploratory activity impulses

While random exploratory activity impulses were introduced dur

ing training process, they were turned off during testing. We 

tested the robustness of the learned networks to introduction 

of increasing frequencies of exploratory activity impulses. The 

frequency of exploratory activity impulses (in Hz) for P0–P5 

post-training perturbations, in that sequence, were (0, 2, 4, 6, 

8, 10).

Computational details

All simulations and analyses were performed within the MATLAB 

(Mathworks Inc.) programming environment.
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Supplemental Figure S1. Training performance and dynamics of heterogeneous recurrent networks with more 
stringent hyperparameters. (A) Number of trials taken to train network N1 to reach convergence criteria with default 
hyperparameters (N1), with more stringent convergence criteria (N1; CC=400), with reduced connection probability between 
neurons (N1; CD=50%), and reduced learning rate (N1; η=0.05). For the default network (N1), the convergence criterion 
required error to be below threshold for 100 trials, the connection probability was 100%, and learning rate η=0.15. (B) Bee-
swarm plot of distribution of errors for different levels of training heterogeneity with each of the different groups. The black 
dashed line represents the threshold error (0.05) below which the trial is considered a correct trial. Solid lines represent the 
median values for each heterogeneity level. (C) CCA-aligned trajectories of networks with the different stringent training 
criteria, with all 6 levels of heterogeneities (H0–H5). (D) The distance between latent-space trajectories for all levels of 
heterogeneity with respect to their respective H0 network shown for all training heterogeneity levels. F: Fixation epoch, S: 
Stimulus epoch, R: Response epoch. 
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Supplemental Figure S2. Dynamics of recurrent networks with the same hyperparameters and different levels of 
training heterogeneities. (A) Temporal evolution of the response of the output unit in network N18 trained with three 
different levels of heterogeneities (H0, H2, and H5). Shown are responses of the output unit to the four distinct input types 
(Input 1: 𝑢!"#$% = 1, 𝑢!"#$& = 0; Input 2: 𝑢!"#$% = 0, 𝑢!"#$& = 1; Input 3: 𝑢!"#$% = −1,   𝑢!"#$& = 0 Input 4: 𝑢!"#$% = 0,
𝑢!"#$& = −1). It may be noted the output unit has converged to its respective expected output values in each of the four 
input types across all levels of heterogeneities. The variability in the temporal dynamics across different levels of 
heterogeneities, especially during the fixation epoch and the initial part of the stimulus epoch, may also be noted. F: Fixation 
epoch, S: Stimulus epoch, R: Response epoch. (B) The dynamics of all units in the network are represented by input-
dependent trajectories in their respective reduced dimensional spaces, computed for each network using principal 
component analysis (PCA). These are shown for the same networks that are depicted in panel A. The input-dependence of 
the trajectories and the fixed points may be noted. Variability in the locations of fixed points and in the trajectories across 
the different levels of heterogeneities may also be noted.  
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Supplemental Figure S3. Dynamics of recurrent networks with distinct hyperparameters and same level of training 
heterogeneities. (A) Temporal evolution of the response of the output unit in three different networks (N14, N19, and N25) 
trained with the same levels of heterogeneity (H3). Shown are responses of the output unit to the four distinct input types 
(Input 1: 𝑢!"#$% = 1, 𝑢!"#$& = 0; Input 2: 𝑢!"#$% = 0, 𝑢!"#$& = 1; Input 3: 𝑢!"#$% = −1,   𝑢!"#$& = 0 Input 4: 𝑢!"#$% = 0,
𝑢!"#$& = −1). It may be noted the output unit has converged to its respective expected output values in each of the four 
input types across all networks. The variability in the temporal dynamics across different networks, especially during the 
fixation epoch and the initial part of the stimulus epoch, may also be noted. F: Fixation epoch, S: Stimulus epoch, R: 
Response epoch. (B) The dynamics of all units in the network are represented by input-dependent trajectories in their 
respective reduced dimensional spaces, computed for each network using principal component analysis (PCA). These are 
shown for the same networks that are depicted in panel A. The input-dependence of the trajectories and the fixed points 
may be noted. Variability in the locations of fixed points and in the trajectories across the different networks may also be 
noted.  
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Supplemental Figure S4. Variability in the impact of different network hyperparameters on performance. (A) 
Variability in the errors in all trials plotted across each value of the five hyperparameters and heterogeneity levels. The black 
lines depict the median errors across all the networks with the corresponding value of hyperparameter (𝑁=7776 for each of 
the five hyperparameters and 3888 for each heterogeneity level). (B) Mean error across all 16 trials in an example network 
J1–B1–𝑥03–𝜏3 with ∆1 (gray), ∆2 (purple), and ∆3 (green). The mean errors (dots) and the best linear fits (lines) are plotted 
along the heterogeneity axis (H0–H5). The dashes represent the average errors across all trials and heterogeneity levels. 
(C) Distribution of average errors across all trials and heterogeneity level (top) and slope of mean errors as a function of 
heterogeneity level (bottom). The distribution is plotted for all networks together (All) and for different values of the five 
hyperparameters (J1 to 𝜏3). The black line depicts the median value of average (top) and slope (bottom) along the 
heterogeneity axis for each network. (D–E) Average (D) and slope (E) of mean errors across heterogeneity levels plotted 
as a heatmap for all combinations of the hyperparameter values. The three plots contain all the 81 networks with the initial 
input synaptic weights initialized as B1 (left), B2 (middle), and B3 (right). In each matrix, the x-axis depicts the three different 
values of recurrent weights (J1–J3) as the major subdivisions and three values of the initial activity values (𝑥01–𝑥03) as the 
minor subdivisions. Similarly, the y-axis depicts the three different sets of time constant values (𝜏1–	 𝜏3) as the major 
subdivisions and three sets of impulse patterns (∆1–∆3) introduced during training as the minor subdivisions. 
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Supplemental Figure S5. Pronounced network-to-network variability in the robustness of heterogeneous recurrent 
networks to post-training intrinsic perturbations. (A) Distribution of time constants for six different levels of post-training 
heterogeneity (P0–P5). Note that the mean (black bar) remained the same, while the range of time constants increased as 
the level of post-training perturbations are increased. This is akin to heterogeneities introduced during training (H0–H5; Fig. 
1) and constitutes a shift in level of post-training perturbations. Therefore, errors and distances in panels B–D were 
calculated with respect to the heterogeneity level the networks were trained with. For instance, when networks trained with 
H0–H5 are subjected to perturbation P5, the outcomes are compared with H5 network. (B) Distribution of the difference in 
response errors (across different trials) for low (P1; top row) and high (P5; bottom row) levels of post-training perturbations, 
introduced in networks trained with H0–H5 heterogeneities. The first column shows an example network (N10) that showed 
a reduction in error with increase in level of training heterogeneities (H0–H5). The second column depicts another network 
(N19) where the error increased in networks trained with higher level of heterogeneities. The third column summarizes the 
difference in errors across all 53 networks, spanning different trials. Black bars represent the median values. (C) Mean (left 
column) and standard deviation (SD; right column) of the distance distribution (computed from trajectories in the latent 
space) with respect to H0 for low level of post-training perturbations (P0). Each panel shows plots for networks trained with 
different levels of heterogeneity (H0–H5). The first row shows an example network (N1) where the mean distance and the 
associated variability were high. The second row depicts another network (N29) where the mean distance and the 
associated variability were low. The third row depicts mean distance and the associated variability across all 53 networks. 
(D) Same as C but for P5 instead of P0. For panels C and D, the error for the trained level of heterogeneity is low and 
increases progressively with increasing distance from the trained level of heterogeneity. F: Fixation epoch, S: Stimulus 
epoch, R: Response epoch. 
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Supplemental Figure S6. Pronounced network-to-network variability in the robustness of heterogeneous recurrent 
networks to post-training shift in network activity at task initiation. (A) Distribution of network activity range in all 
recurrent units at network initiation for six different levels of post-training perturbations (P0–P5). Note the shift in the range 
of the initial activity distribution (without shift in mean) with increasing in level of post-training perturbations. (B) Distribution 
of the difference in response errors (across different trials) with respect to P0 for low (P1; top row) and high (P5; bottom 
row) levels of post-training perturbations, introduced in networks trained with H0–H5 heterogeneities. The first column shows 
an example network (N1) that showed a reduction in error with increase in level of training heterogeneities (H0–H5). The 
second column depicts another network (N36) where the error was high in networks trained with higher level of 
heterogeneities. The third column summarizes the difference in errors across all 53 networks, spanning different trials. Black 
bars represent the median values. (C) Mean (left column) and standard deviation (SD; right column) of the distance 
distribution (computed from trajectories in the latent space) with respect to P0 for low level of post-training perturbations 
(P1). Each panel shows plots for networks trained with different levels of training heterogeneity (H0–H5). The first row shows 
an example network (N47) where the mean distance and the associated variability increased with increasing level of training 
heterogeneities. The second row depicts another network (N34) where the mean distance and the associated variability 
decreased with higher level of heterogeneities introduced during training. The third row depicts mean distance and the 
associated variability across all 53 networks. (D) Same as C but for P5 instead of P1. F: Fixation epoch, S: Stimulus epoch, 
R: Response epoch. 
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Supplemental Figure S7. Pronounced network-to-network variability in the robustness of heterogeneous recurrent 
networks to post-training perturbation in the frequency of exploratory activity impulses. (A) Increasing frequency of 
exploratory activity impulses introduced for six different levels of post-training perturbations (P0–P5). (B) Distribution of the 
difference in response errors (across different trials) with respect to P0 for low (P1; top row) and high (P5; bottom row) levels 
of post-training perturbations, introduced in networks trained with H0–H5 heterogeneities. The first column shows an 
example network (N3) that showed a reduction in error with increase in level of training heterogeneities (H0–H5). The 
second column depicts another network (N13) where the error was high in networks trained with higher level of 
heterogeneities. The third column summarizes the difference in errors across all 53 networks, spanning different trials. Black 
bars represent the median values. (C) Mean (left column) and standard deviation (SD; right column) of the distance 
distribution (computed from trajectories in the latent space) with respect to P0 for low level of post-training perturbations 
(P1). Each panel shows plots for networks trained with different levels of training heterogeneity (H0–H5). The first row shows 
an example network (N20) where the mean distance and the associated variability increased with increasing level of training 
heterogeneities. The second row depicts another network (N53) where the mean distance and the associated variability 
decreased with higher level of heterogeneities introduced during training. It may be noted that the variability in distances 
were high for the N53 network even during the response epoch, especially when trained with low level of heterogeneities 
(H0–H1). The third row depicts mean distance and the associated variability across all 53 networks. (D) Same as C but for 
P5 instead of P1. F: Fixation epoch, S: Stimulus epoch, R: Response epoch. 
  



Santhosh and Narayanan, Patterns, 2026 
 

Supplemental Information, Pg. 8 
 

Supplemental Table S1. Seed values used to initialize the three sets of hyperparameters for Figs. 5–6 and 
Supplemental Fig. S4. 
 

Hyperparameter Seed values 

Initial recurrent 
connectivity 

matrix (𝑱) 

J1 = 1 

J2 = 104 

J3 = 1509 

Initial input 
connectivity 
matrix (𝑩) 

B1 = 2 

B2 = 200 

B3 = 1507 

Initial value of 
activity vector 

(𝒙(𝟎)) 

x01 = 3 

x02 = 300 

x03 = 1505 

Pattern of 
exploratory 

impulses during 
training (∆) 

∆1 = 4 

∆2 = 400 
∆3 = 1503 

Value of time 
constants (𝝉) 

𝜏1 = 5 

𝜏2 = 500 

𝜏3 = 1501 
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Supplemental Table S2. Different levels of the post-training perturbations and their impact on task performance. 
 
 

Type of post–training 
perturbations 

Description of 
perturbations 

Level of 
perturbations Values Impact on performance 

Mean of time constant 
distribution 

(Fig. 7) 

Time constants of each 
unit, 𝜏, are shifted by 
𝜏!'#(" such that the new 

time constants are 
𝜏 + 𝜏!'#(" 

P0 𝜏!'#(" = 0 
Graded increases in 

performance error and 
mean/variance in distances 
of latent-space trajectories 

through P1–P5.  

P1 𝜏!'#(" = 1 
P2 𝜏!'#(" = 5 
P3 𝜏!'#(" = 10 
P4 𝜏!'#(" = 20 
P5 𝜏!'#("	 = 40 

Range of time 
constant distribution 

(Supplemental Fig. S5) 

𝜏 is sampled from a 
uniform distribution 

spanning 𝜏*+,-. with the 
same seed value used 

for training 

P0 𝜏*+,-. = 30 Minimal impact on 
performance error. 

Mean/variance in distances 
of latent-space trajectories 
varied, but did not have a 
strong impact on response 

epochs. 

P1 𝜏*+,-. = [29,31] 
P2 𝜏*+,-. = [25,35] 
P3 𝜏*+,-. = [20,40] 
P4 𝜏*+,-. = [10,50] 
P5 𝜏*+,-. = [1,59] 

Noise in recurrent 
synaptic weight 

(Fig. 8) 

Noise 𝑱,/#!. sampled 
from a normal 

distribution 𝒩(0, 𝜎&) 
were added to the 
recurrent synaptic 

weights, 𝑱 

P0 𝜎 = 0 Most detrimental among all 
tested perturbations. 
Graded increases in 

performance error and 
mean/variance in distances 
of latent-space trajectories 

through P1–P5. 

P1 𝜎 = 0.01 
P2 𝜎 = 0.02 
P3 𝜎 = 0.03 
P4 𝜎 = 0.04 
P5 𝜎 = 0.05 

Initial activity 
distribution mean 

(Fig. 9) 

𝑥(0) is sampled from a 
uniform distribution of 

range 𝑥!'#(" + [−0.1,0.1] 

P0 𝑥!'#(" = 0 Minimal impact on 
performance error. 

Mean/variance in distances 
of latent-space trajectories 
varied, but did not have a 
strong impact on response 

epochs. 

P1 𝑥!'#(" = 0.1 
P2 𝑥!'#(" = 0.25 
P3 𝑥!'#(" = 0.5 
P4 𝑥!'#(" = 1 
P5 𝑥!'#(" = 2 

Initial activity 
distribution range 

(Supplemental Fig. S8) 

𝑥(0) is sampled from a 
uniform distribution of 

range  
[–𝑥*+,-. , 𝑥*+,-.] 

P0 𝑥*+,-. = 0 Minimal impact on 
performance error. 

Mean/variance in distances 
of latent-space trajectories 
varied, but did not have a 
strong impact on response 

epochs. 

P1 𝑥*+,-. = 0.1 
P2 𝑥*+,-. = 0.25 
P3 𝑥*+,-. = 0.5 
P4 𝑥*+,-. = 1 
P5 𝑥*+,-. = 2 

Stimulus epoch 
duration 
(Fig. 10) 

The duration of the 
stimulus epoch was set 

to 𝑇01 

P0 𝑇01 = 800 
Graded increases in 

performance error and 
mean/variance in distances 
of latent-space trajectories 

through P1–P5. 

P1 𝑇01 = 600 
P2 𝑇01 = 400 
P3 𝑇01 = 200 
P4 𝑇01 = 100 
P5 𝑇01 = 50 

Frequency of 
exploratory activity 

impulses 
(Supplemental Fig. S7) 

Random exploratory 
activity impulses, 𝚫, are 
introduced to each unit 
with the frequency 𝑓∆ 

P0 𝑓∆ = 0 Minimal impact on 
performance error. 

Mean/variance in distances 
of latent-space trajectories 
varied, but did not have a 
strong impact on response 

epochs. 

P1 𝑓∆ = 2 
P2 𝑓∆ = 4 
P3 𝑓∆ = 6 
P4 𝑓∆ = 8 
P5 𝑓∆ = 10 
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